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The solution of the axisymmetric contact problem for an elastic layer made of incompressible material and clamped along the
base is constructed by regular and singular asymptotic methods. © 2003 Elsevier Ltd. All rights reserved.

A similar problem for a layer of incompressible material was considered previously in [1, 2] using the
same methods.

1. FORMULATION OF THE PROBLEM

Suppose an elastic layer occupies a region 0 < r < o, 0 < @ < 27, 0 < z < h (where £ is the thickness
of the layer) in a cylindrical system of coordinates r, ¢, z. The layer is made of an incompressible material
(Poisson’s ratio v = !/2) and is rigidly clamped along the base. As is well known [1, 2], the axisymmetric
contact problem for such a layer reduces to determining the contact pressure g(r) from the following
integral equation

Iq(p)K(%, %)pdp = 2Ghd(r), 0<r<a (1.1)
0

sh2u—2u

— (1.2)
ch2u+1+2u

K(o,1) = J'L(u)Jo(ou)Jo(ru)du, L(u) =
0

Here a is the radius of the contact area, G is the shear modulus, 8(r) is the settlement of the layer surface
in the contact area, and Jy(x) is the Bessel function. The function L (1) behaves at zero (u — 0) and at
infinity (4 — ) as follows:

8 +0wT), L) = 140 (13)

L(u) = §u3-5

It can be shown [1, 2] on the basis of these properties of the function L(u) that the kernel (1.2) of
integral equation (1.1) can be represented in the form

K(o,1) = Ky(0,7) - F(0, 1)

_ 2 _ 2ot (14)
Ko(o ) = 1t(o+'c)K(k)’ k=

where K(k) is the complete elliptical integral of the first kind. The function Ky(, T) contains a singularity
of the form -In|o — t|. The function F(o, T) is continuous with all derivatives with respect to the set
of variables o, 1 in the quarter-plane 0 < ¢, T < . In the square 0 < o, T < 1 it can be represented
by the following series, which is absolutely and uniformly convergent with respect to set of variables
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Fo,0 = 3 S byott by = - iy (15)
050 a*on?

The constants a,, are defined by the integrals

_ =" | — L™ 16
a, (o )”] f[ (u)]u™"du (1.6)

Calculations give ag = 1.770217 and a; = -0.957769.
On the basis of representation (1.4) of the kernel K(o, t) it can be shown [1, 2] that the general solution
of integral equation (1.1) has the following structure

a(r) = o(r/a* -7 (1.7)

where the function w(r) satisfies the Holder condition in the circle r < g with index 0 < a =< 1, if the
function 3(r) is such that its derivative satisfies the Holder condition in the circle r < a with index 8
wherea<f < 1.

2. THE SOLUTION FOR A RELATIVELY THICK LAYER

We will introduce a dimensionless geometrical parameter A = A/a and we will assume that L = 2 (a
relatively thick strip).
The general solution of Eq. (1.1) for this case is given by the formulae [1, 2]

2

q(r) = gu(r) + ————=X
* 1ta«/a2—r2
4 2 2 g2
x{p(&‘,)[Ao(l +A +AL+H AL+ §A1) +A,(1 +A0)[2—r2 + % - 1]Jd§ + 0(%)

a
P = 2njq(p)pdp =
1)
2 g
_4J'p(§) l+A0+A0+A0+A0+3A0A1+A1(1+A0)—5 d§+0(x)

aa(r) = 2[ pa _ Ip'(&)d&} p(x) = 2G[5(0)+x18(9)"p]

b A/az _ r2 J&Z . r2 /x B

where P is the indenting force.

3. THE DEGENERATE SOLUTION FOR A RELATIVELY THIN LAYER

We will now assume that A < 2 (a relatively thin strip). We will construct the degenerate (penetrating)
solution of the problem for small values of A.
We apply to both sides of integral equation (1.1) an operator with respect to r of the form

ro.om
j‘%‘j(..-)éd& 3.1)
0 0
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As a result we will have

Jaw (8.5 odo = 24 (32)

0

M(o,v) = [HY ) (ou)Jy(tu)du (33)
0 u

g(r) = IS(p)lngpdp +C, (3.4)

0

In expression (3.4) for the function g(r) we have dropped the arbitrary irregular term of the form Clnr.

Note that since the kernel (1.2) of Eq. (1 1) contained the singularity -In | o - 7|, the kernel (3.3) of
Eq. (3.2) contains the singularity (¢ — 7)*In|c - t|. As a consequence of this, the general solution of
the integral equation has the structure [3, 4]

a(r) = Qi@ - ™" (3.5)

where the function Q(r) is such that its derivative satisfies the Holder condition in the circle 7 < a with
index a.
As A — 0 the kernel of (3.3), by virtue of the first relation of (1.4), takes the form

M(o, 1) = §h28(p, " (3.6)

where 8(p, r) is the axisymmetric delta function, defined by the integral [1, 2]

8(p. 1) = fadg(pardy(rarda, o =
0

% (3.7

Taking Eq. (3.6) into account we obtain that the degenerate solution of the problem for small values
of A has the form

a(r) = —3h—fg(r) (38)

The constant Cy in expression (3.4) of the function g(r) must be later obtained from the condition
that the solution in the form (3.5) has the structure (1.7), i.e. from the condition

Qa) = 0 (3.9)

4., THE PRINCIPAL TERM OF THE ASYMPTOTIC FORM OF
THE SOLUTION FOR A RELATIVELY THIN LAYER

We will construct a solution of the boundary-layer type for small values of A in the neighbourhood of
the contour r = g of the contact area.

It was shown in [1, 2] that a plane boundary layer in the neighbourhood of the contour of the contact
area can be obtained from the Wiener-Hopf integral equation

fomMy(-ndt = nf), Mu) = [ cosuydu
0 o ¥ (4.1)

1=t =R g = LB, ) = 8
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where the function M,(y) behaves as y’In]y| asy — 0. The method of solving equations of the form
(4.1) is well known [5].
It can be shown that the function @(¢) will have the form
o(1) = Qu(nr™"? (4.2)

where the function Q..(¢) is such that its derivative satisfies the Holder condition when 0 <¢ <R < oo
with index o.
To determine the constant Cy in representation (3.4) we will have the condition

Q,(0) =0 (4.3)

5. EXAMPLE

We will consider the case of a punch with a flat base 8(r) = & = const impressed into a layer.
From the last formula of (2.1) we obtain that p(x) = 2G3, and the first three formulae of (2.1) are
simplified considerably. We have from formula (3.4) g(r) = 8r%/4 + C,, and the degenerate solution

(3.8) has the form
3G(8r°
a0 = 355 v o) 5.1)

In order to construct an analytical expression for the function ¢(¢) we will approximate the function
L(u), in accordance with the asymptotic formulae (1.4), by the expression

Ly(u) =

u
i+ AHJu* + B

where A = 0.761310 and B = 2.588024. The error of this approximation does not exceed 20% for all
0=u<oo.
Condition (4.3) leads to the relation

2B+ A _4B-A
B+A p -
AB 4AB*

Co = -38a°(1+ DA+ DAY); D, =

A boundary-layer type solution is given by the expression

q(r) = 265[ 2D+ DAY o) + By (1) - 2 <p2(t>]
B
¢o(t)—2erf(J—t)+ WoT

(5.2)

3 B33
0(t) = Jtert(JB t)+J_(2 43)
2

3227 32 A 8B +A’
9(1) = erf(«/——t)( 5)4’—“—5(2[ —-2—1——TB—)

where erf(x) are probability integrals.

It can be shown that the boundary-layer type solution (5.2) is automatically matched to the degenerate
solution (5.1) as one moves away from the contour r = g into the depth of the contact area.

Using the degenerate solution, we obtain the relation between the indenting force P, defined by
formula (2.1), and the indentation of the punch &

3nGéa’

P=
an’

(2+D A+D2x)
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